The new approach of Foldy-Wouthuysen transformation is applied. In this approach, instead of momentum of charged particles, the electromagnetic potentials are treated as the perturbative operators. The electrodynamic Hamiltonians of scalar, spinor and vector fields are studied, and those Hamiltonians containing one and two electromagnetic potentials are derived. The mα 8 order Hamiltonian of the nonrelativistic quantum electrodynamics are also obtained by expanding momentum. This result of spinor is equivalent to the scattering matching approach in the Ref[Phys. Rev. A 100, 012513 (2019)] a
I. INTRODUCTION
The nonrelativistic few-body atomic and molecular systems are widely studied. Because of the astonishing accuracy of spectroscopy measurements, those systems are advised to determine the physics constants and search the hint of the new physics beyond the standard model [1] [2] [3] [4] . In the aspects of theories, the nonrelativistic energy of systems less than four-body can be calculated with very high accuracy. The relativistic and radiative effect are calculated by perturbation theory. In the nonrelativistic atomic and molecular systems, the radiative effect bring an α factor (the fine structure constant) and the relativistic effect bring a ∼ v 2 c 2 ∼ α 2 . Both the energy corrections and the higher-order operator can be expanded by the fine-structure constant.
The most famous method obtaining the relativistic corrections to the nonrelativistic system is the Foldy-Wouthuysen (FW) transformation [5, 6] . The relativistic Hamiltonian of half spin fermion are transformed to a low energy effective Hamiltonian, which is sum of infinite terms and the leading terms are equivalent to Schrödinger Hamiltonian. Based on the FW Hamiltonian, Pachucki et.al have derived the high order relativistic and radiative corrections [7] [8] [9] [10] [11] [12] . Another method obtaining the high order correction is the nonrelativistic quantum electrodynamic (NRQED) [13] [14] [15] , the low energy effective Hamiltonian consists of all possible local interactions satisfying the required symmetries of quantum electrodynamic. And the coefficients are fixed by applying scattering matching approach: the scattering amplitude calculated in the NRQED must coincide with the corresponding scattering amplitude of the QED at the given energy scale. The energy correction up to mα 6 and the finestructure correction up to mα 7 have been obtained [7, 8] . The higher-order corrections up to mα 8 could be a big challenge for theoretical study in nowadays. The FW Hamiltonian up to mα 8 was obtained by Ref. [16] . However, the equivalence of FW Hamiltonian and NRQED Hamiltonian hasn't been fully tested. In our earlier work [17] , the mα 8 order Hamiltonian was obtained by using scattering matching approach at tree diagram level. It is coincide with the FW Hamiltonian at mα 6 order. The traditional approach of Foldy-Wouthuysen transformation become rather tedious in the higher-order. And we find that there may be some imperceptible mistakes in Ref. [16] . and should be rechecked independently.
In this work, we promote a new approach in which the electromagnetic potentials are treated as the perturbative operators instead of the momentum of charged particles. Applying the approach, the Hamiltonians of spin-0,1/2,1 particle containing one and two electromagnetic potentials are obtained. These terms are called one-photon terms and two-photons terms respectively. The mα 8 order Hamiltonian of the nonrelativistic quantum electrodynamic are also obtained by expanding momentum. This paper is organized as follows. In Sec.II-IV, we derived the effective Hamiltonian of the spin-1/2, spin-0 and spin-1 particles separately. Finally, Conclusion will be given in Sec. V.
II. SPIN-1/2 CASE
The relativistic Hamiltonian of spin-1/2 fermion in the electromagnetic field isĤ F = βm+ α· π+A 0 ,
  , σ i is Pauli matrix, π µ = p µ − A µ and charges of particles are chosen as unit one in this work .
In rest frame, the up two components of spinor wave function are the freedom of positive energy particle, while the low two components are the freedom of negative energy particle. The positive part couple with the negative part by off-diagonal matrices α· π. These off-diagonal matrices are defined as odd terms, and the diagonal parts of the Hamiltonian are defined as even terms. By applying Foldy-Wouthuysen transformation, the odd terms become negligible higher-order terms and the positive part can be decoupled from the negative parts in the low-energy region.
The FW Hamiltonian H F W = e iS (H − i∂ t ) e −iS can be calculated by using expansion form [6] H
In cancelled up to higher-order. In a word, the traditional FW transform is to expand the Hamiltonian according to momentum, in which the odd part can always be pushed beyond the desired order.
In this work we try to expand the Hamiltonian with the electromagnetic potential. The first FW transformation we chosen will produce the exact form of the relativistic energy p 2 + m 2 of free particle, and the reminder odd terms are eliminated by applying subsequent transformation with S expanded in the power of the potential.
The first FW transformation we chosen is
The first two are even terms. The relativistic kinetic energy βE T is exact. And one-photon even terms H ′ 1γ only contain one scalar potential term.
The one-photon odd terms O ′ is
The positive part and the negative part are still coupled together.
The one-photon odd terms can be eliminated by applying another FW transformation e iS ′ F . The
, and S ′ F can be derived by the recurrence relation,
The new Hamiltonian is
where
is two-photons even terms, which contains two scalar potential. The two-photons odd terms and the terms containing more than two scalar potential are neglected here. If the scalar potential is weak enough, neglecting these higher-order terms are appropriate. The one-photon terms and two-photons terms are "exact", because they can be expanded with momentum to arbitrary order.
In the Coulombic bound system, the electromagnetic potential A 0 ∼ mα 2 , A i ∼ mα 3 and p i ∼ mα. The effective Hamiltonian up to mα 8 can be obtained by expanding the Hamiltonian H ′′ F with momentum,
where the tilde is the abbreviation of F = α · F , and the mass is chosen as unit one. The coefficient in front of [∂ t E, E] in Ref. [17] is double counting error in the two-photon-fermion scattering matching.
After correcting the error, This result is coincide with the result obtained by scattering matching approach in Ref. [17] .
III. SPIN-0 CASE
In the electromagnetic field, the equation of scalar field is (π µ π µ − m 2 ) φ = 0. The positive energy part and the negative part are θ = 1 
It is obvious that τ is odd term here. The FW transformation Φ = UΦ ′ (U = e S , S is Hermitian
The one-photon even terms and one-photon odd terms are
The one-photon odd terms can be eliminated by applying another FW transformation e S ′ s . The FW Hamiltonian can be obtained by using the expanded formula
Let {S ′ s , E T − iη∂ t } + O ′ = 0, and S ′ s can be derived by the recurrence relation,
and higher-order terms are neglected.
The FW Hamiltonian up to mα 8 order can be obtained by expanding H ′′ s with momentum. It is
where the mass is chosen as unit one. The first three term is coincide with the result in Ref. [6] IV. SPIN-1 CASE
The vector field equation in the electromagnetic with minimal coupling is π ν (π ν u µ − π µ u ν ) − m 2 u µ = 0. And the positive energy part and the negative part of the particle are θ i = 1
We introduce the vector field
Hamiltonian is
B is magnetic field, and (Σ i ) jk = −iε ijk is the spin operator of the vector field. Because the index ij of the Hamiltonian is internal degrees of freedom in spin space, the equation and Hamiltonian can be expressed as iη∂ t Ψ = H V Ψ and
In the second line , the first two terms are Hamiltonian of free particle, and the last two terms are even and odd interactions,
In this section, this relativistic Hamiltonian will be expanded with electromagnetic potential A µ .
The FW transformation Ψ = UΨ ′ (U = e S , S is Hermitian operator) must satisfy U † ηU = η
where one-photon terms are
The odd term can be cancelled by using Eq.(13), with S ′ V of the form
where 
where the tilde defined as A = A · Σ, and the mass is chosen as unit one. The first two line is Hamiltonian up to mα 6 order, and the reminder are mα 8 order.
V. CONCLUSION
In this work, a new approach of Foldy-Wouthuysen transformation is developed. In the traditional approach, by order-by-order transformations, the relativistic Hamiltonian is expanded in the power of the momentum (not obviously by Taylor expansion). And it becomes rather tedious in higher-order calculation. Here, we first expand the relativistic Hamiltonian in the power of the electromagnetic potential to get the one-photon and two-photon relativistic Hamiltonians in weak field, and then expand the Hamiltonians with momentum to get the effective nonrelativistic Hamiltonians. This approach may have two potentials, it is more feasible to perform on higher-order case, because of the Taylor expansion on momentum is easier to employ than the order-by-order FW transformation; the second, it can be used to discuss the relativistic effects in weak external field case, such as studying the polarizabilities of atoms.
Using this approach, the mα 8 orders effective Hamiltonians of spin-0,1/2,1 are obtained. The result of spin-1/2 is coincide with the previous obtained by using scattering matching approach [17] .
Now we can say that at the tree-level, the two approaches are equivalent at mα 8 order, which can satisfy nowadays accuracy requirement. The case of loop corrections should be further studied.
The form factor and electromagnetic multi-pole effects are neglected. These effects can be easily treated as the perturbation. It will be studied further.
